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Abstract - In statistical methods, such as statistical static
timing analysis, Gaussian mixture model (GMM) is a useful tool
for representing a non-Gaussian distribution and handling
correlation easily. In order to repeat various statistical
operations such as summation and maximum for GMMs
efficiently, the number of components should be restricted
around two. In this paper, we propose a method for reducing the
number of components of a given GMM to two (2-GMM) such
that the mean and the variance of the 2-GMM are equal to those
of original GMM and the normalized integral square error of
2-GMM PDF is minimized. In order to demonstrate the
performance of the proposed methods, we show some
experimental results.

I. Introduction

Due to the progress of nanometer process technologies,
variability of circuit parameters has been increased and
various statistical approaches to electronic design have been
proposed[1]. Among them, the statistical static timing
analysis has been studied intensively in the beginning of this
century[2], and algorithms using Gaussian mixture model
(GMM) to represent distribution have been proposed[3,4].
Since the probability density function (PDF) of GMM is a
probability weighted sum of Gaussian PDFs (each of which
is called a component), GMM can represent a non-Gaussian
distribution and treat correlation easily.

Since GMM has such remarkable features, it is used in
various fields, such as lifetime analysis of a battery pack[5],
target tracking in acoustics[6], and so on. But, in order to use
GMM efficiently, we need a good algorithm to reduce the
number of components, since if we repeat statistical
operations for GMMs, then the number of components may
increase exponentially. For example, for a given two GMMs
each of which has m components (m-GMM), the sum and the
maximum are represented by an m?>-GMM and a 2m?-GMM,
respectively[4]. Because, the joint PDF of the two GMMs
may have m? components, and each of the components
produces a distribution (a component) of the sum and two
components of the maximum. Hence, if we add n 2-GMMs,
the sum may contain 2" components, unless the number of
components is reduced.

So far, several methods[6-12] for reducing components
have been proposed, which are called Gaussian mixture
reduction. All of them exclusive of [9] repeat merging of two
components selected by a certain measure corresponding to a
distance between two components. In [11], performance

Shuji Tsukiyama

Masahiro Fukui

Dept. of Electronic and Computer Eng.
Ritsumeikan Univ.
Shiga, 525-8577 Japan
e-mail : mfukui@se.ritsumei.ac.jp

comparisons of methods in [6], [7], and [8] are described, and
the method in [8], which uses a distance based on K-L
discrimination, is ranked as the best method from both
viewpoints of accuracy and efficiency. The method in [9]
finds a GMM with reduced number of components by
increasing number of components from Gaussian by splitting
a component. The method in [10] modifies the distribution of
the merged component. Hence, the mean and the variance of
GMM with the reduced number of components obtained by
[9] or [10] may differ from those of the original GMM. The
method in [12] uses weighted K-L divergence as a distance,
and claims that weighted K-L divergence is more suitable
than K-L divergence.

In this paper, we propose a new method of reducing the
number of components of a given m-GMM to two[4,13]. The
method finds a 2-GMM such that the mean and the variance
of the 2-GMM are equal to those of m-GMM and the
normalized integral square error of 2-GMM PDF is
minimized. The method combines the methods in [4] and [8]
by utilizing their advantages effectively so as to obtain better
performance.

We also show some experimental results to evaluate the
performance of the proposed method. Since the methods in
[9] and [10] do not satisfy the condition for the mean and the
variance of 2-GMM to be the same as those of a given
m-GMM, we do not use them in the comparison. In [13], we
showed that the method in [13] could find better 2-GMMs
than the methods in [12], and hence we do not use it in the
comparisons, either. Moreover, since we found by our
experiments that the method in [8] is better than the method
in [13], we incorporate the method in [8] into the proposed
method, and do not use the method in [13] in comparison.
Thus, we compare the proposed method with [4] and [8].

The rest of the paper is organized as follows. In Sections II
and III, we introduce Gaussian mixture models and briefly
explain the methods in [4] and [8], respectively. In Section IV,
we describe the proposed method, and in Section V, we show
some experimental results. Finally, in Section VI, we give
conclusions.

II. Gaussian Mixture Model

Let D be a random variable (RV) whose probability
density function (PDF) fu(D) is denoted by a weighted sum
of m Gaussian distributions such that
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where Y2, P, =1, and ¢(e) is the PDF of the standard
Gaussian distribution N(0,1),

000 = 7= exp [~ 5] @

Then, the distribution of RV D is said to be represented by
m-GMM (Gaussian mixture model consisting of m Gaussian
distributions). Each Gaussian distribution N(u;,c%) (1<i<m)
is called the i-th component of m-GMM, and probability P; is
called the mixture proportion of the i-th component.
Henceforth, if the distribution of RV D is represented by an
m-GMM, then we say that D is an m-GMM, or denote simply
m-GMM D.

The mean E[D], the 2nd moment E[D?], and the 3rd
moment E[D3] of an m-GMM RV D are calculated by the
following equations, respectively,

E[D] = ¥, B-E[D] = X%, P, (€)]
E[D?] = X2, B-E{[D?] = X2, P-(12 + 0;%), 4
E[D3] =32, BE[D3] =32 P-(u3 + 1 - 6i%). (5)

Hence, the variance V[D] and the skewness S[D] of the
m-GMM D are obtained as follows:

V[D] = E[D?] — E[D]?. ©)
S[D] = E[D?]/VID]®. (7
In the following, E;[D] = w;, Ei[D?] = w2 + 02, and V;[D]

= 0;%? denote the mean, the 2nd moment, and the variance of
the i-th component of D, respectively.

Let ¥ ~N(uy,ov?) be an RV such that the correlation
coefficient between Y and the i-th component of D is p;, and
the joint PDF (JPDF) of D and Y is the following:

_ D—yj Y- r—uy

g0, Y) = X2 P, (BB, e ) (®)
where ¢2(x,y:p) is the standard Gaussian JPDF of two RVs x
and y with correlation coefficient p:

LN 1 ] _ x%2=2px-y+y?

0,06,7:p) = g exp [~ 2. ©)
Then, the covariance between D and Y can be obtained by the
following equation,

C[D,Y] = X% (10)

where Ci[D,Y] = oi-oy-pi is the covariance of the i-th
component of D and Y.

In this paper, we assume that m-GMM D varies depending
on n+l factors denoted by n+l explanatory RVs xp and 7
(1<g<n), such that all of them are N(0,1) and independent
each other. Among them, xp is the local factor proper to D,

P - oyoyp; = X2 B G[D, Y],

and 7 (1<g<n) is a common factor used for RVs other than D.

Moreover, we assume that the distribution of each component
of D is represented by a linear combination of xp and r,
(1<g<n). Namely, we assume that D; representing the i-th
component of D is denoted by

Di =W +Sx,i[D]'xD +Zg=15g,i[D]'7‘, (11)

where  s,;[D] = C[D;,xp] and sg;[D] = C[ ] are
sensitivities of D; to xp and 713, respectlvely This equation

means that fluctuations caused by the factors are small
enough to ignore higher order terms[1]. Since any two of xp
and 7, (1<g<n) are independent each other, the variance V[D;]
= Vi[D] can be obtained by

Vi[D] = sy;[D]? + Eg=154:[D]%. (12)

Note here that RV D; is introduced for representing the
distribution of the i-th component of D and does not have any
specific meaning.

In this paper, we consider a problem to approximate a
given m-GMM D (m > 2) by a 2-GMM M such that the PDF
is given by

M
00 = ey B 7 o (), (13)
and the first and second moments match, that is, E[M] = E[D]
and E[M?] = E[D?]. Moreover, in order to evaluate the
approximation, we use NISE (Normalized Integral Square

Error) €y defined by
[ oo (F2 ) fm(x))2 dx

&M = 14
M IS R e [ fan () (14)
In the case of GMM, this value is calculated by
J22t/mm—2"J2m
gy = —————==, 15
M Jz2+/mm ( )
where J,,, Jom,and Jo, are the following equations[11],
_ . . 1 i MMk —HMh
J22 = Xkhef1,2) Pmk - Pun Tontroms (\/U::kz"':thz)’
= 1 MMk —Hi
m = Lke{1,2} Zief1,m}Pmi* P Touiror Ja::2+ci2)’
1 W=y
Jmm = 2ijeqt,-m} Bt B X ]
J0'12+0'j2 J0'12+0'j2

Note here that if two PDFs f,,(x) and f,(x) are the same,
then gy = 0, and if two PDFs do not have overlap, then

em = 1. Moreover, note that NISE is different from the total
absolute PDF difference f |f2(x) = frn(x)]| dx used in [4].
Hence, the optimum approximation with respect to NISE is
not always optimum with respect to the total absolute PDF
difference. However, we use NISE for evaluation in this

paper, since it is easily calculated and seems to be used
commonly in the field of GMM reduction[9-11].

II1. Previous Algorithms

The method in [4] fits two lines with one joint to the
shape of CDF curve of m-GMM D, so as to find a 2-GMM
M whose CDF is close to that of m-GMM D. Then, by
using the value Dy of the joint, it partitions the set U = {1 |
1<i<m } of component numbers into three disjoint
subsets Ul = { ieU | wi <Dy}, U2={ieU |w> Dy},
and U3 ={ ieU | wi=Dy }, and determine Py, Hmk, and
omk (k=1,2) by the following equations:

1
Pur = Xiev1 B3 Zicus P Puz =1 —Pus,  (16)
1
Puiic - vk = icuk P i + 5 Zicus B i, (17)
Py - (Oi® + M) = Yicuk P (0% + 1)
+5 icus P (0 +w?).  (18)
Namely, the k-th component of M is composed from
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components in Uk and a half of each component in U3.
Therefore, the method in [4], which we call the algorithm
“Method-Cdf” in the following, solves our problem by
finding a partition of U with small NISE.

From Egs.(16) through (18), we can see that if U3 is
nonempty or both Ul and U2 are nonempty, then we can
generate a 2-GMM. Since the number of partitions dividing
U into two non-empty subsets is 2™~1 — 1, and since the
number of ways to select h elements from U for U3 is ,Cy,
the total number of partitions which generate a 2-GMM is

2m-t— 1 4yl G- 2mht 19)
Henceforth, we call a brute force algorithm “Method-Opt,”
which checks all such partitions and selects the optimum
partition with the minimum NISE. We use Method-Opt to
evaluate solutions obtained by algorithms.

Although Method-Cdf is efficient, it cannot find an
optimum 2-GMM in the case where the distribution of D is
composed of more than two major parts, since the algorithm
tries to approximate the distribution by two parts[4]. In Fig.1,
two PDFs of such distributions are shown. Hence, we
incorporate a technique used in Gaussian mixture reduction
into Method-CDF in order to improve Method-Cdf.

The commonly used methods in Gaussian mixture
reduction repeat merging of components[8,12,13], which
selects two nearest components with the use of a distance
between two components, and merges them first. The K-L
discrimination[8] kld(g,|g,) of PDF g, from PDF g, is
used as such a distance, and is defined by

Kld(g; |g2) = [~ g, (x) - log, % dx (20)
g2(x)

If each PDF g; (i=1,2) is a Gaussian N(y;, %), then it is
calculated by

1 2( — )2
Kid(g,lg,) = ;- {2 — 1), @

Since kld(g,|g,) # kld(g;|g,), kld(g,|g,) cannot be used
directly as a distance between g; and g,. Hence, K-L
divergence (or K-L distance) is used as a distance. The K-L

divergence dy(i,j) between the i-th and j-th components is
defined by

dia (i,j) = Kld(gilg;) + Kld(g;lg:)- (22)
If the i-th and j-th components are merged, then the
mixture proportion Pjj, the mean pjj, and the variance i
of the merged component are determined by moment
matching similarly to Egs.(16) through (18).
Since K-L divergence dy(i,j) does not take the mixture

0.8 0.20 . Opt
0.6 0.15 '

0.4{8-GMM \ .4 0.10
g < 0.05

J 8-GMM

10 11 12 13 14 15 S 10 15 -20
(a) Shape-I (b) Shape-II

Fig.1 — PDFs of 8-GMM for which method-Cdf cannot find
an appropriate 2-GMM.

9

proportion into consideration, the method in [12] used
weighted K-L divergence, which is defined by

diaw(i,j) = kld(P,-g;|P-g;) + kld(P-g;|P-gi).  (23)
This value is also calculated easily if each PDF is Gaussian.
However, the mixture proportion is not sufficient to represent
the shape of distribution of each component. Hence, we
proposed a method in [13] which takes the distribution shape
of each component into account, and we showed that it is
superior to the method in [12]. However, since we found that
the method in [8] showed better performance than the method
in [13], we use the method in [8] in our proposed algorithm.
The method in [8] defines the distance Lm(i,j) between
the i-th and j-th components with the use of the merged
distribution, that is, the distance Lm(i,j) is defined by

L (i,J) = P - Kld(gilg;;) + P - kld(gj1g;)- (24)
where gj; is the PDF of the distribution obtained by
merging the i-th and j-th components (g; and g;). If each
g; (i=1,2) is a Gaussian N(y;, 6?), then it is calculated by

Lin(i)) = %'(Pij'lOgeo-ijz — Pilog.oi® — Bilog.o;*)  (25)
where mixture proportion P; and variance o;? are
calculated by similar equations to Eqs.(16) through (18). We

call the algorithm wusing this distance to select two
components for merging “Method-Mergd.”

IV. Proposed Algorithm

As shown in [13], the method in [13] using Gaussian
mixture reduction is not always superior to Method-Cdf, and
needs longer CPU time than Method-Cdf. Similarly,
Method-Mergd has the same characteristics. For example, it
cannot find a better 2-GMM than Method-Cdf for the
8-GMMs shown in Fig.2. Therefore, we combine Method-
Cdf and Method-Mergd so as to take advantages of both
methods. Before describing the algorithm, we introduce an
algorithm to check whether or not the distribution of a given
m-GMM is similar to the shape of Fig.1(a), which we denote
by <PDF-Check>.

<PDF-Check>

1°: Find the component 1 <i< m, whose probability
density value at the mean p; (we call it vp value and
denote it by vp;) is maximum, and let .y, Omax, and
VPmax b€ the mean, the standard deviation, and the vp
value of the component, respectively.

2°:  Check if there exists a component i such that

‘—4"—2 0 2 4" 6
(b) Shape-IV

(a) Shape-I1I

Fig.2 — PDFs of 8-GMM for which method-Mergd cannot find
an appropriate 2-GMM.
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satisfies Hi < Mmax — Omax OF Hmax + Omax < Hi, and
vp; satisfies vp; > Ty - VPmay , Where Ty is the
threshold for the vp value and we set T, = 1/4 in the
experiments in Section V.

3°: If there exists such a component i, then the shape of
distribution of a given m-GMM is regarded as a shape
different from the one shown in Fig.1(a), and finish the
algorithm.

4°:  Otherwise, put the component whose vp value vp;
satisfies vp; < Tpk * VPmax into Ul, and put remaining
components into U2.

Now, we describe the proposed algorithm denoted by
<2-GMM approximation> as follows:

<2-GMM Approximation>

1°: Conduct <PDF-Check>, and if it produced Ul and U2,

then generate 2-GMM by using them, and terminate the
algorithm. Otherwise go to 2°.

2°: By using Method-Cdf, generate a 2-GMM, and
compute NISE gy with the use of Eq.(15). If gy is not
greater than threshold Te, then terminate the algorithm.
Otherwise, discard this 2-GMM, and go to 3°.

3°: By using Method-Mergd, generate a 2-GMM.

Since we have no strict algorithm to determine Te, we use
Te = 0.01 which is around one third of the maximum NISE
€opt Obtained from 2-GMMs generated by Method-Opt for
four hundreds 8-GMMs used in the experiment in [4]. This
value gop, indicates the maximum of inevitable NISEs in
the 2-GMM approximation obtained by a partition of U into
Ul, U2, and U3.

As shown in Eq.(11), we assume that the distribution of
each component is represented by a linear combination of
local RV and n common RVs. Hence, the distribution of each
component of 2-GMM M must be represented by such a
linear combination in order to repeat statistical operations for
GMMs. Namely, the RV M) representing the distribution of
the k-th component of M must be represented by

My = pyic + sy k[M]-xy + 251 Sgk[M]- 75 (26)
To do so, we must determine the sensitivities sy [M] =
C[My, xy] and sgy[M] = C[Mk, rg].

If My is represented by Eq.(26), then the variance V[M]
must satisfy Eq.(12). However, V[M] = opyy? is already
determined by Eq.(18) so as to match the moments of D and
M. Hence, sensitivities must satisfy

V[My] = sek[M]? + X5-1 sgk[M]? = o, (27)
from which we have the following inequalities for k= 1,2,

Ye=15gk[M]* < omi®. (28)
Moreover, since the covariance values Ci[D, rg] = sg;[D]
(1<i<m, 1<g<n) of m-GMM D are given, we would like to
match covariance values for 1<g<n as follows:

Zi=1 l:)Mk'sg,k[lw] = C[D ] - 1 Sgii D] (29)
However, it is not always poss1ble to satlsfy both Eqgs.(28)
and (29). A necessary and sufficient condition for sensitivities

Sgk[M] to satisfy both Eqs.(28) and (29) is to satisfy Eq.(30)

fork=1,2, and Eq.(31):
(Zaoi €[ 7])" + 0 (om = Bpea €[] ") 2 0. (30)
B, C[D, 7] < Puy-/DSCy + Puz-y/DSC,,  (31)

where DSC is the left hand side of Eq.(30). If this condition
is not satisfied, then we cannot find sensitivities satisfying
both Egs.(29) and (30). If it is impossible, we change value of
c[p, rg] to C(D, 7g) so as to satisfy Eq.(29). Note here that
since we keep the values op? (k=1,2), the distribution
shape of M does not change, and so does not NISE of M.
Since it is not easy to find an appropriate value C(D, Tg)

for each 7;, we use a sufficient value C(D, Tg) by

multiplying modification factor y as shown in the followmg
<Calculation of Sensitivities>
1°: Compute the following modification factor y:

y—Mln[\/ om1® omz* 2].

ZgC[D, rg] ZgC[D'Tg]

2°: For each r,, if y<1, set C(D,rg) =y- C[D, rg] s
otherwise, set C(D,7) = C[D, 7).

3°: For k=1 and 2, compute the upper limit UL, > 1 of
sg,k[M] by

2
ULy = /‘iM—k
k g C(D,rg)?

4°: For each r;, compute the target value Trgt, of the
ratio sgyl[M]/C[M,rg] of the covariance of the 1%
component of M to the total covariance by

(32)

(33)

C[DU13;rg]

et G4

Trgt, =

where Dy, is the RV of distribution generated from
the components of D contained in Ul and a half of
each component in U3.

5% If Pyq - Trgtg < 1 — Py - UL,, then set weight factor
wl, =1 — Py, - ULy; if Pyy - ULy < Py - Trgtg, then
set wlg = Pyy - UL;; otherwise (that is, if 1 — Py; -
UL, < Pyy " Trgtg < Py - ULy), then set wlg = Py, -

Trgt,.
6°: For each 1, determine sensitivities by the following
equation:
Wlg A
Sg1 [M] = P_Mf C(D, rg)
1—w1g (35)

Sg.Z[M]= Pz 'C<Dﬁrg)

7°: For k=1 and 2, determine sensitivities of local RV by
the following equation:

Sx,k[M] = 0-Mkz - ngl=1 Sg,k[M]Z' (36)

V. Experimental Results

In order to evaluate the performance of the proposed
algorithm consisting of <2-GMM  Approximation>,
<PDF-Check>, and <Calculation of Sensitivities>, we
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TABLE 1: Parameters of Da.
N Dnz
Paj | Pai=0.25,0.5,0.75 Py, = 1— Py,
HaAj Hap = —1.5 Haz =3-0a1 —Ha1 — 3" 0a2
OAj Op1 = \/E Op2 = 1.0, \/E
Sg Sg[Das] =1 Sg[Daz]l = Voa2/(an2 + 1)
Sx sx[Da1]l =1 sx[Daz] = ap - sg[Das]
Type I Type 11 Type 111
0.50
0.25 0.25
6-3036|6-303 663036
Type IV Type V Type VI
0.50 0.75 0.75
-6-30 3 6/-6-30 3 6|/-6-3 0 3 6

Fig.3 — Six types of PDF shape of Da.

generated 8-GMM Dy = Max[Da,Dg] from 2-GMM D, and
Dg such that

DAj = HA] + SX[DA]'] XA + Sg[DAj] T,
Dgy, = Wpn + Sx[Dgn] - xg + Sg[Dgn] - 7,

where j,h € {1,2}. The 8-GMM is generated by the method
in [4], and each component of the 8-GMM corresponds to a
part of a component of JPDF of Da and Dg contained in the
area of Dy = Dg or Dp < Dg.

The parameters of Da are shown in TABLE 1, where the
parameters of the 1% component exclusive of the mixture
proportion are fixed. By setting p,, to the value shown in
the table, D distributes around 0. In order to generate
various distribution shapes, we used 3 values as the mixture
proportion Pa; and 2 values as the standard deviation 64, of
the 2" component, which are shown in the table. Hence, we
have 6 different distributions of Da, as shown in Fig.3.

We introduced the ratio as of sensitivities of the 2™
components, whose value does not affect the shape of
distribution, but change the correlation between Da and Dsg.
We used the following 5 values as aa, and hence we have
totally 30 different distributions of Da:

(37
(38)

aa= 0.1, 0.5, 1.0, 2.0, 10.0 (39)
TABLE 2: Parameters of Ds.
Psi 0.3 0.5 0.7
UB1 —2.5 —-1.5 —0.5
oBI 20 | 15 10 | o5
b 06 08 10| 12]14] 16
asi, am2 | 01 | 05 | 1.0 [ 20 ] 100

Since Dy distributes around 0, we set E[Dg] = 0 by setting
Hpz to
Mpz = Mp1 - Pp1/(Pp1 — 1).

Moreover, in order to generate various distributions for Dg,
we introduced ratio b of standard deviations of the 1% and
the 2" components, and ratio apy (h = 1,2) of sensitivities of
the h-th component. Then, we have

b= oB1 _ Sg[DBl]'\/m
0Bz sglDpzl/ap?+1

Therefore, by setting the values of the mixture proportion Pgi,
the mean pg; and the standard deviation og; of the 1%
component, and the ratios b and ag, (h = 1,2), we can
determine the distribution of Dg. The values that we used for
these parameters are shown in TABLE 2. Therefore, we have
totally 5,400 different distributions of Dg, and the correlation
coefficient between Da and Dg varies between 0.00173 and
0.668.

From these Da and Dg, we generated totally 162,000
distributions of 8-GMM Dy, and applied Method-Cdf,
Method-Mergd, Method-Opt, and the proposed method.
TABLE 3 shows the average and the maximum of NISE gy
of 2-GMM M and the percentage Nyad and Ngood Of cases
when &y > 0.1 and &y < 1.1 &gy , respectively, in
162,000 total cases, where €qp is NISE of 2-GMM obtained
by Method-Opt. Since the maximum of NISE obtained by
Method-Opt is smaller than 0.1, Ny, can be regarded as the
rate of bad approximation. On the other hand, Ngood is
regarded as the rate of good approximation.

From the table, we can see that the worst-case error
(Maximum ¢y) of the proposed method is improved by
46.1% from Method-Cdf, and the average error of &y by
43.2%. Moreover, Npag decreased by 3.44 points and Ngod
increased by 5.8 points. Hence, we can see that the proposed
method could cover the defect of Method-Cdf by introducing
Gaussian reduction technique in Method-Mergd.

The improvements of the proposed method from
Method-Mergd is not large, and Ngooq decreased by 4.1 points
from Method-Mergd. However, the average error of ev is
improved by 3.36%, which means that the proposed method
can take advantage of Method-Cdf. Namely, as shown in Fig.
2, Method-Cdf can find a better 2-GMM than Method-Mergd,
and the proposed method uses this advantage. However, in
16,330 cases (10.1%), the proposed algorithm changed good
2-GMMs obtained by Method-Cdf by worse 2-GMMs by
conducting Method-Mergd. This means that the way to select
Method-Mergd in the proposed method is not sufficient and
there still exists room for improvement in the proposed
method.

(40)

(41)

TABLE 3: NISE gy 2-GMM M.
Cdf | Mergd | proposed Opt
Average g£y-103 16.2 9.52 9.20 6.03
Maximum gy 0.271 | 0.146 0.146 0.083
Nbad [%] 3.80 0.357 0.357 0
Negood [%] 31.7 41.5 37.4 ---

- 240 -



TABLE 4: CPU times [ps]

proposed

Cdf | Mergd Path 1° | Path2° | Path3° | average

1.10 3.30 0.115 2.18 5.50 2.60
TABLE 5: Percentage of Path with respect to type of Da [%].
Type 1 11 I v \% VI total
Path 1°| 4.60 | 7.03 | 0.795]0.059 | 3.60 | 1.29 | 17.4
Path2°| 9.27 | 6.53 | 124 | 10.2 | 9.60 | 103 | 58.2
Path3°| 2.80 | 3.11 | 3.50 | 6.42 | 347 | 509 | 244

TABLE 4 shows the CPU times to find a 2-GMM by
Method-Cdf, Method-Mergd, and the proposed method. In
the table, columns Path 1°, 2°, and 3° show the CPU times for
a 2-GMM to be obtained at Step 1°, 2°, and 3° in <2-GMM
Approximation>, respectively, and column average shows
average CPU time of 162,000 cases. Although the CPU times
needed for a single 2-GMM approximation of these methods
are small, if the approximation is repeated many times in
applications such as the statistical static timing analysis of
LSI, then the difference of the times becomes important. The
machine used for experiments has Intel Xeon processor
E3-1270 v2 with 3.5GHz clock frequency and 16GB
memory.

TABLE 5 shows the percentage of each Path in which
2-GMMs are generated. Moreover, it shows the percentages
of each Path with respect to the distribution type of Da shown
in Fig.3. Since the ratio of Path 1° is 17.4%, the average CPU
time of the proposed method is reduced from Method-Mergd
by 21.2%.

VI. Conclusions

In this paper, we proposed a new algorithm for
approximating a given m-GMM by a 2-GMM with small
NISE (normalized integral square error) of PDF. The
algorithm combines three methods so as to minimize NISE
and CPU time, and keeps the shape of distribution (the
variance of each component) for not changing NISE when
determining sensitivities. From the experiments, we found
that the proposed method can take the advantages of the
previous algorithm; Method-Cdf and Method-Mergd, and
shows better performance from the viewpoints of NISE and
CPU time.

In the proposed algorithm, Method-Mergd is selected for
producing better approximation by using threshold Te and
NISE of 2-GMM PDF obtained by Method-Cdf. However,
this selection method is not perfect, and hence our future
work is to find a better selection method, which invokes
Method-Mergd only when it finds better solution than
Method-Cdf, and overhead of CPU time for selection is less
than the CPU time of Method-Cdf.

Moreover, the proposed algorithm does not change
variance of each component when determining sensitivities,
so as to keep NISE of 2-GMM. However, there exist
applications in which such objective function may be
inappropriate. For example, in the lifetime analysis of a

battery pack, minimum operation may be repeated many
times[5], and in such a case, minimizing NISE may be
inappropriate. Therefore, devising an algorithm suitable to
such an application and considering an appropriate objective
function are another future work.
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