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Abstract— A classification function f is a map-

ping: D → M , where D ⊂ Bn, B = {0, 1}, and

M = {1, 2, . . . ,m}. When |D| � 2n, f can be represented

with fewer variables than n, with a linear decomposi-

tion. We show a method to estimate the number of

variables to represent the function. Experimental re-

sults using randomly generated functions are shown.

I. Introduction

Consider disjoint sets of binary vectors of n bits. Such
sets denote a classification function. To reduce the cost
of the circuit for the function, we can use a linear decom-
position. An original function can be decomposed into
two parts: a linear part, and a general part, as shown
in Fig. I. We assume that the cost of the linear part is
O(np), while the cost of the general part is O(q2p), where
n is the number of variables in the original function, and p
is the number of variables for the general function, where
p < n. Since the circuit cost mainly depends on the value
of p, the estimation of p is vitally important. We derive
an upper bound on p, the number of variables for the gen-
eral part of the decomposition. Many randomly generated
classification functions were decomposed, and compared
with the analysis presented in this paper.
With the result of this paper, we can answer the fol-

lowing:

Problem 1 We need to design a SPAM E-mail filter with
the following specification on the architecture in Fig. I.

• The number of IP address in the white list: 10000.

• The number of IP address in the black list: 10000.

• The number of bits to represent IP address: 128.

• The number of outputs is one. It shows spam (f = 1)
or (f = 0) not.

Assume that the bit patterns of IP addresses are random.
Also assume that only the E-mails with the IP address in
the lists are applied. Estimate the value of p.

Conventional methods [1, 3, 9, 13] cannot find such de-
composition.
The rest of the paper is organized as follows: Section

II shows definitions and basic properties; Section III in-
troduces linear decompositions; Section IV derives the
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Fig. 1.1. Linear Decomposition

number of variables to represent the general part; Section
V shows experimental results; Section VI surveys related
works; and Section VII concludes the paper.

II. Definitions and Basic Properties

Definition 2.1 A partially defined classification
function f is a mapping D → M , where D ⊂ Bn,
B = {0, 1}, and M = {1, 2, . . . ,m}. Assume that D
contains k distinct vectors; k is called the weight of the
function. These vectors are registered vectors. For
each registered vector, assign an integer between 1 and m,
where 2 ≤ m ≤ k. A registered vector table shows
the function value for each registered vector. A par-
tially defined classification function f produces the corre-
sponding function value when the input vector matches a
registered vector. Let Fi be the set of registered vectors
which map to i. Then, D =

⋃m
i=1 Fi. We assume that

Fi �= ∅ (i = 1, 2, . . . ,m).

Example 2.1 The registered vector table in Table 2.1
shows a classification function with n = 6, m = 2 and
k = 8.

Definition 2.2 [4] An m-tuple (F1, F2, . . . , Fm) denotes
a partially defined classification function where

⋃m
i=1 Fi ⊂

Bn and Fi ∩ Fj = ∅ for (1 ≤ i < j ≤ m). For a
partially defined function (F1, F2, . . . , Fm), the function
(E1, E2, . . . , Em) that satisfies

Fi ⊆ Ei ⊆ Bn
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TABLE 2.1
Registered Vector Table.

x1 x2 x3 x4 x5 x6 f
1 1 0 0 1 1 1
0 1 1 0 1 1 1
0 1 0 1 0 0 1
0 0 0 0 1 0 1
1 1 0 1 1 1 2
1 0 1 1 1 1 2
1 0 0 0 1 1 2
0 0 1 0 1 0 2

is an extension of (F1, F2, . . . , Fm), where Ei ∩ Ej = ∅

(i �= j).

Example 2.2 Consider the case of n = 4. Let

F1 = {(0, 0, 0, 0), (0, 1, 0, 1), (0, 1, 1, 0)}
F2 = {(0, 0, 1, 0), (1, 0, 0, 0), (1, 0, 1, 1)}
E1 = {(0, 0, 0, 0), (0, 1, 0, 1), (0, 1, 1, 0), (1, 1, 0, 0)}
E2 = {(0, 0, 1, 0), (1, 0, 0, 0), (1, 0, 1, 1), (1, 1, 0, 1)}
G1 = {(0, 0, 0, 0), (0, 1, 0, 1), (0, 1, 1, 0), (1, 1, 0, 1)}
G2 = {(0, 0, 1, 0), (1, 0, 0, 0), (1, 0, 1, 1), (1, 1, 0, 1)}.

Then, (E1, E2) is an extension of (F1, F2), since F1 ⊂ E1,
F2 ⊂ E2 and E1 ∩ E2 = ∅. However, (G1, G2) is not an
extension of (F1, F2), since G1 ∩G2 �= ∅.

Definition 2.3 For a subset U ⊆ Bn and S ⊆
{1, 2, . . . , n}, we denote by U |S the projection of U to S.
In other words, U |S = {�a|S}, where �a|S is the point ob-
tained from �a ∈ U by considering only those components
aj with j ∈ S.

Example 2.3 Consider the case of n = 4. Let U =
{(1, 0, 0, 1), (0, 1, 1, 0), (0, 0, 1, 0)} and S = {2, 3}. Then,
we have U |S = {(∗, 0, 0, ∗), (∗, 1, 1, ∗), (∗, 0, 1, ∗)}.
Given a partially defined function, many extensions ex-

ist. In this paper, we seek the extension of f that depends
on the fewest variables.

Definition 2.4 Let Fi ⊆ Bn (i = 1, 2, . . . ,m). Given a
partially defined function (F1, F2, . . . , Fm), and a subset
S ⊆ {1, 2, . . . n}, if Fi|S ∩Fj |S = ∅, (i �= j) holds, then S
is a support set. In such a case, (F1|S , F2|S , . . . , Fm|S)
is independent of the variable xj, j ∈ {1, 2, . . . , n} \ S,
and the variable xj is redundant.

Example 2.4 Consider the function (F1, F2) shown in
Table 2.1. In this case, S = {1, 2, 3, 4} is a support set,
since for

F1|S = {(1, 1, 0, 0, ∗, ∗), (0, 1, 1, 0, ∗, ∗),
(0, 1, 0, 1, ∗, ∗), (0, 0, 0, 0, ∗, ∗)},

F2|S = {(1, 1, 0, 1, ∗, ∗), (1, 0, 1, 1, ∗, ∗),
(1, 0, 0, 0, ∗, ∗), (0, 0, 1, 0, ∗, ∗)}

TABLE 2.2
Classification Function with Reduced Variables.

x1 x2 x3 x4 f TAG
1 1 0 0 1 1
0 1 1 0 1 2
0 1 0 1 1 3
0 0 0 0 1 4
1 1 0 1 2 5
1 0 1 1 2 6
1 0 0 0 2 7
0 0 1 0 2 8

F1|S ∩ F2|S = ∅ holds. Thus, this function can be repre-
sented by four variables as shown in Table 2.2.

However, T = {1, 2, 3} is not a support set, since for

F1|T = {(1, 1, 0, ∗, ∗, ∗), (0, 1, 1, ∗, ∗, ∗),
(0, 1, 0, ∗, ∗, ∗), (0, 0, 0, ∗, ∗, ∗)},

F2|T = {(1, 1, 0, ∗, ∗, ∗), (1, 0, 1, ∗, ∗, ∗),
(1, 0, 0, ∗, ∗, ∗), (0, 0, 1, ∗, ∗, ∗)}

F1|T ∩ F2|T = {(1, 1, 0, ∗, ∗, ∗)} �= ∅ holds.

III. Linear Decomposition

The number of variables of a partially defined classifi-
cation function

f : D →M,

where D ⊂ Bn often can be reduced by a linear decom-
position [6, 8, 14]. In the linear decomposition shown in
Fig. I, L realizes a linear function, while G realizes a gen-
eral function (in most cases, a non-linear function). We
assume that the cost of the linear part is O(np), while the
cost of the general part is O(q2p).

Definition 3.1 A compound variable has the form
y = c1x1 ⊕ c2x2 ⊕ · · · ⊕ cnxn, where ci ∈ {0, 1}. The
compound degree of a variable y is

∑n
i=1 ci, where

∑

denotes an ordinary integer addition, and ci is treated as
an integer. A primitive variable is a variable whose
compound degree is one.

Algorithms to represent a given function by using the
minimum number of primitive variables have been devel-
oped [2, 5, 12].

When a partially defined function satisfies a certain
condition, there exists a linear transformation that re-
duces the number of variables.

Definition 3.2 In a partially defined function
(F1, F2, . . . , Fm), let �a ∈ Fi, and �b ∈ Fj, (i �= j).

The vector �d = �a⊕�b is a difference vector. The set of
distinct difference vectors is denoted by Df .
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TABLE 3.1
Difference vectors for the function in Table 3.2.

x1 x2 x3 x4 Pairs of Vectors
0 0 0 1 (1, 5)
0 1 1 1 (1, 6), (3, 8)
0 1 0 0 (1, 7), (2, 8)
1 1 1 0 (1, 8), (2, 7), (3, 6)
1 0 1 1 (2, 5), (4, 6)
1 1 0 1 (2, 6), (3, 7), (4, 5)
1 0 0 0 (3, 5), (4, 7)
0 0 1 0 (4, 8)

Lemma 3.1 [16] An n-variable partially defined function
f can be represented with n−1 compound variables if and
only if there exist a non-zero vector �u such that

�u ∈ Bn −Df ,

Theorem 3.1 An n-variable classification function f
can be represented with at most n− 1 compound variables
if and only if the set of difference vectors contains less
than 2n − 1 distinct difference vectors.

Algorithm 3.1 (Reduction of Compound Variables [15]
)

1. Derive the set of distinct difference vectors Df of an
n-variable function.

2. If |Df | = 2n− 1, then stop, since reduction is impos-
sible.

3. Obtain a non-zero vector �d ∈ Bn−Df with minimum
weight.

4. Remove one variable from �d, and apply the linear
transformation to the function.

5. Let n← n− 1, and go to step 1.

Example 3.1 Let us reduce the number of variables in
the classification function shown in Table 2.2.

1. Table 3.1 shows the set of distinct difference vectors.
The last column shows the pairs of registered vectors
that produced the difference vectors. Note that 16
difference vectors were generated, but only 8 of them
are distinct.

2. |Df | = 8 < 24 − 1.

3. In this case, the set of difference vectors does not
contain �d = (1, 1, 0, 0).

4. Replace x1 and x2 with y1 = x1 ⊕ x2, and we have
a linear transformation that converts Table 2.2 into
Table 3.2.

5. In this case, the function can be represented with
three variables: y1 = x1 ⊕ x2, x3, and x4.

6. Next, we make a set of distinct difference vectors
shown in Table 3.3. In this case, 16 difference vectors
were generated, but only four of them are distinct. In
this case, |Df | = 4 < 23 − 1. The set of difference

vectors does not contain �d = (0, 1, 1).

7. Replace x3 and x4 with y2 = x3 ⊕ x4, and we have
the linear transformation that converts Table 3.2 into
Table 3.4.

8. In this case, the function can be represented with two
variables: y1 = x1 ⊕ x2, y2 = x3 ⊕ x4.

9. In a similar way, the function can be represented with
only one variable:

y3 = y1 ⊕ y2 = x1 ⊕ x2 ⊕ x3 ⊕ x4.

TABLE 3.2
Classification Function after the first linear

transformation.

y1 x3 x4 f TAG
0 0 0 1 1
1 1 0 1 2
1 0 1 1 3
0 0 0 1 4
0 0 1 2 5
1 1 1 2 6
1 0 0 2 7
0 1 0 2 8

TABLE 3.3
Difference vectors for the function in Table 3.2.

y1 x3 x4 Pair of Vectors
0 0 1 (1, 5), (2, 6), (3, 7), (4, 5)
1 1 1 (1, 6), (2, 5), (3, 8), (4, 6)
1 0 0 (1, 7), (2, 8), (3, 5), (4, 7)
0 1 0 (1, 8), (2, 7), (3, 6), (4, 8)

TABLE 3.4
Classification Function after the second linear

transformation.

y1 y2 f TAG
0 0 1 1
1 1 1 2
1 1 1 3
0 0 1 4
0 1 2 5
1 0 2 6
1 0 2 7
0 1 2 8

- 170 -



An efficient linear decomposition algorithm has been
developed [15]. With this algorithm, functions with more
than a thousand inputs have been successfully decom-
posed.

IV. Number of Variables to Represent

General Part

This part considers a method to estimate p, the number
of the variables for the general part.

Definition 4.1 A classification function f is reducible
if f can be represented with fewer variables than the orig-
inal function when a linear decomposition is used. Other-
wise, f is irreducible.

Theorem 4.1 An n-variable classification function f is
reducible if and only if the set of difference vectors for f
contains fewer than 2n − 1 elements.

(Proof) This is a direct consequence of Lemma 3.1. �

Lemma 4.1 Let f = (F1, F2, . . . , Fm) be a classification
function. Let N be the number of distinct difference vec-
tors. Then,

N ≤
∑

(i<j)

kikj ,

where i, j ∈ {1, 2, . . . ,m}, and ki = |Fi|. .

Theorem 4.2 Let N be the number of distinct difference
vectors of a classification function f . Then, f can be
represented with at most p = �log2(N + 1)
 compound
variables.

(Proof) By Theorem 4.1, if N < 2n − 1, then we can
reduce one variable. With repeated application of this
theorem, the number of variables can be reduced to p =
�log2(N + 1)
. When N + 1 = 2p, the function can be
represented with p variables. �
The above theorem gives an upper bound on p, the

number of variables for the general part. Unfortunately, it
is not tight. This is because 1) some of difference vectors
are identical, and 2) the difference vectors are modified
by the linear transformations, and some of them become
identical. So, we use the following assumptions to esti-
mate the number of distinct difference vectors.

Assumption 4.1 Generated difference vectors are ran-
dom, uniformly distributed, and independent.

Assumption 4.2 After the reduction of variables by lin-
ear transformation, resulting difference vectors are still
random, uniformly distributed, and independent.

Then, the number of distinct difference vectors is esti-
mated by the balls into bins model [13] , where a ball
corresponds to an n-bit difference vector, and a bin cor-
responds to a p-bit difference vector, where p < n. Note
that there are v = 2p bins.

Lemma 4.2 Assume that a set of N distinct n-bit vectors
is reduced to that of p-bit vectors (p < n) by a linear
transformation. Then, the estimated number of distinct
p-bit vectors is

2p[1− exp(−N

2p
)].

(Proof) Suppose that N balls are thrown independently
and uniformly into v = 2p bins. Then, α = 1

v is the
probability of having a ball in a particular bin. Also,
β = 1 − α is the probability of not having a ball in a
particular bin. When we throw N balls,

1. The expected number of distinct p-bit vectors is the
number of non-empty bins.

2. The probability that a particular bin has no ball is
βN .

3. The probability that a particular bin has at least one
ball is 1− βN .

4. The expected number of bins with at least one ball
is

v[1−βN ] = v[1−(1−α)N ] � v[1−e−αN ] = v[1−e−N
v ]

Here, we used the approximation 1− α � e−α. �
By applying Lemma 4.2 to N1, we have

Conjecture 4.1 Let N1 be the number of distinct differ-
ence vectors. Then, the number of distinct p-bit difference
vectors after reduction of variables is estimated by

N2 = 2p[1− exp(−N1

2p
)].

Apply Theorem 4.2 toN2 to obtain p2 = �log2(N2+1)
.
Then, apply Lemma 4.2 again to obtain N3:

Conjecture 4.2 Let N2 be the number of distinct differ-
ence vectors. Then, the number of distinct p2-bit differ-
ence vectors after linear transformation is estimated by

N3 = 2p2 [1− exp(−N2

2p2
)].

V. Experimental Results

A. Random Functions

Classification functions with n = 30 were randomly
generated for m = 4 and m = 8. Tables 5.1 and 5.2 show
the numbers of distinct difference vectors, while Tables
5.3 and 5.4 show the numbers of variables to represent
functions. ki denotes the number of vectors such that
f(�a) = i, where i = 1, 2, 3, 4, and k1 = k2 = k3 = k4.

N1 denotes an upper bound on the number of distinct
difference vectors, where

N1 =
∑

(i<j)

kikj = 6k2i .
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N̂1 denotes the number of distinct difference vectors
(experimental result). It is equal to or nearly equal to
N1.

N2 denotes the estimated number of distinct difference
vectors specified by Conjecture 4.1.

N3 denotes the estimated number of distinct difference
vectors specified by Conjecture 4.2.

N̂3 denotes the number of distinct difference vectors
(experimental result), after removing redundant variables.

UB1 denotes the upper bound on the number of vari-
ables specified by �log2(N1 + 1)
.

UB2 denotes the upper bound on the number of vari-
ables specified by �log2(N2 + 1)
.

p̂1 denotes the number of primitive variables to repre-
sent the function that is obtained by the heuristic method
in [15].

UB3 denotes the upper bound on the number of vari-
ables specified by �log2(N3 + 1)
.

p̂2 denotes the number of compound variables to repre-
sent the function that is obtained by the Algorithm 3.1.

Note that N1 ≥ N2 ≥ N3, UB1 ≥ UB2 ≥ UB3, and
p̂1 ≥ p̂2.

The experimental results show that Lemma 4.2 can be
used at least twice. However, it cannot be applied many
times, since Assumption 4.2 becomes invalid.

Example 5.1 Now, we can answer Problem 1.

1. The number of distinct elements in the difference vec-
tor set is N1 ≤ k2 = 108. Since UB1 = �log2 N1
 =
26, the number of variables can be reduced to p1 = 26.

2. Next, estimate N2, the number of distinct elements
in the 26-bit difference vector set. It is

N2 = 2p1 [1− exp(−N1

2p1
)] = 51, 982, 368.

Since UB2 = �log2 N2
 = 25, the number of variables
can be reduce to 25.

3. Next, estimate N3, the number of distinct elements
in the 25-bit difference vector set. It is

N3 = 2p2 [1− exp(−N2

2p2
)] = 26, 426, 838.

Since UB3 = �log2 N3
 = 24, the number of variables
can be reduce to 24.

4. A computer simulation using randomly generated vec-
tors shows that p̂1 = 25 (without using linear part),
and p̂2 = 22 (with a linear transformation).

TABLE 5.1
Number of distinct difference vectors (n = 30, m = 4).

ki N1 N̂1 N2 N3 N̂3

10 600 600 354 192 125
20 2400 2400 1414 766 507
40 9600 9598 5654 3066 2021
80 38400 38360 22617 12264 8124

160 152600 152887 90468 49056 32470
320 614400 603310 361871 196222 129853

TABLE 5.2
Numbers of distinct difference vectors (n = 30, m = 8).

ki N1 N̂1 N2 N3 N̂3

10 2800 2800 1526 793 967
20 11200 11198 6104 3173 2041
40 44800 44743 24418 12693 15345
80 179200 178224 97672 50771 97932

160 716800 701818 390688 203085 245376
320 2867200 2635368 1562750 812340 522099

TABLE 5.3
Number of variables to represent functions (n = 30, m = 4).

ki UB1 UB2 p̂1 UB3 p̂2
10 9 8 7 7 6
20 11 10 9 9 8
40 13 12 11 11 10
80 15 14 13 13 12

160 17 16 15 15 13
320 19 18 17 17 15

TABLE 5.4
Number of variables to represent functions (n = 30, m = 8).

ki UB1 UB2 p̂1 UB3 p̂2
10 11 10 10 9 9
20 13 12 11 11 10
40 15 14 14 13 12
80 17 16 17 15 14

160 19 18 18 17 15
320 21 20 20 19 17

B. Non Random Functions

MNIST MNIST data set [7] consists of handwritten
digits with 6 × 104 images. Each image is represented
by 28× 28 = 784 pixels of 8-bit grayscale. We converted
them into binary ones by setting the threshold to 96. In
this way, we had an n-variable binary-input m-valued
classification function, where n = 28 × 28 = 784,
and m = 10. During this process, we removed du-
plicated data, to obtain the set with k = 59981
images. The distribution of classes is (k0, k1, . . . , k9) =
(5923, 6726, 5958, 6131, 5842, 5421, 5918, 6265, 5851, 5949).

Telephone Numbers consists of 9-digit telephone
numbers of 3700 Japanese companies [16]. The outputs
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TABLE 5.5
Numbers of variables to represent MNIST and Telephone

numbers.

Name k UB1 UB2 p̂1 UB3 p̂2
MNIST 59981 30 29 37 28 25

Telephone 3700 22 21 21 20 18

show the names of the stock exchange. There are m = 9
different stock exchange. 1) Tokyo 1st; 2) Tokyo 2nd;
3) Tokyo Mothers; 4) Sapporo; 5) Nagoya; 6) Fukuoka;
7) JASDAQ; 8) REIT; and 9) Foreign. We converted
them to binary numbers of 30-bits to obtain an n = 30
variable m = 9 valued classification function with weight
k = 3700. The distribution of classes is (k1, k2, . . . , k9) =
(2018, 522, 239, 19, 75, 29, 739, 59, 0)

Table 5.5 shows the numbers of variables to represent
these functions. The table for Ni is omitted due to space
limitation.
In the case of MNIST, the estimated values for Ni were

far from the experimental values. The estimated number
of input variables is UB2 = 29, while the actual number
of inputs is p̂i = 37. This shows that MNIST is far from
a random function. However, the liner transformation
converted the function into random. The experimental
result is p̂2 = 25, while estimated value is UB3 = 28.
In the case of telephone numbers, the estimated val-

ues are not so far from the experimental values. So, the
function is near random.

VI. Related Works

The number of variables to represent partially defined
functions has been studied for many years. [11] derived
formulas for the number of variables to represent multi-
valued input functions. [12] and [13] showed that most
index generation functions with weight k can be repre-
sented with �2 log2(k + 1)� − 1 primitive variables. In
[14], an efficient algorithm to find a linear decomposition
was developed, and after that decomposition of functions
with more than a thousand variables become possible [15],
[16].

VII. Conclusion

This paper shows a method to estimate the number
of variables to represent a classification function after
linear decompositions. Experimental results using ran-
domly generated functions showed the usefulness of the
approach.
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