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Abstract— An algorithm for a bottleneck channel

routing problem that uses ILP is proposed. The pro-

posed algorithm determines the track and layer assign-

ment of nets for three-layer bottleneck channel routing

problem with layout constraints in which pins of each

net are placed on the upper boundary of the adjacent

regions on both sides of the bottleneck channel. The

proposed algorithm restricts the routing pattern of

each net to one of three patterns by taking feasibility

into account, and outputs a solution in a few seconds

when the number of nets is 300.

I. Introduction

The analog layout design is required not to deteriorate
the circuit performance. On the other hand, it is impor-
tant to realize a layout in a small area to reduce manufac-
turing costs. The objective of our research is to develop
a routing framework that enables us to layout a circuit in
small area while meeting performance specifications.

In this paper, a routing problem on the bottleneck rout-
ing region where performance specifications are not vio-
lated even if multiple wires go through a track is discussed.

For routing problems which contain layout constraints,
it is not easy to construct constructive algorithms that
consider all constraints. If the routing problem can be for-
mulated as an Integer Linear Programming (ILP), layout
constraints can be considered more easily than construc-
tive algorithms. However, ILP is generally NP-hard and
often difficult to solve in practical time, even for small-
scale problems.

In cell-based design [1], the routing area is partitioned
into small routing regions, and various routing algorithms
for such regions have been proposed. For example, chan-
nel routing algorithms were proposed in [2, 3]. Track as-
signment procedure considering cross-talk minimization
was proposed in [4]. A design flow without repeating de-
sign is preferred [5, 6, 7]. A routing design flow with
HV routing without repeating routing design has been
established. However, the obtained layout may contain a

(a) HV Routing (b) Bottleneck Channel Routing

Fig. 1. Circuit layouts without and with bottleneck channel

routing region which is a bottleneck for area reduction
(Fig. 1(a)). In order to resolve bottleneck, Bottleneck
channel routing (Fig. 1(b)) is proposed in [8].
In this paper, we propose U3TLA-ILP3.0 that deter-

mines the track and layer assignment of nets by using
ILP for U-shaped three-layer bottleneck channel routing
problem (U3BCRP). A layout pattern obtained by using
U3TLA-ILP3.0 will be utilized as an initial solution to ex-
plore a detailed routing in bottleneck region with layout
constraints efficiently.
U3TLA-ILP3.0 restricts the routing pattern of each

net to one of three patterns by taking feasibility into
account. In U3TLA-ILP3.0, decision variables are used
to determine the pattern used by each net, the track
and layer assignment is determined according to the de-
cision variables, and the routing pattern is determined.
U3TLA-ILP3.0 outputs solutions in a few seconds for
medium-scale problems about 300 nets. The routing pat-
tern that satisfies layout constraints can be obtained in a
short time by U3TLA-ILP3.0.

II. Bottleneck Channel Routing Problem

A routing problem is to find a better routing pattern
that satisfies the connection requirement under the design
rule. The connection requirement among pins is called a
net. Among routing patterns which satisfy connection
requirement, a routing pattern is infeasible if there is a
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Fig. 2. Bottleneck channel routing

design rule violation, feasible otherwise.
In grid based design, the wires of different nets have

a conflict if they share the same coordinate in the same
layer. In grid based design, a solution which satisfies con-
nection requirement and have no conflicts is feasible. The
solution of a routing problem must be feasible and must
meet layout constraints.
Three-layer bottleneck channel routing problem is de-

fined on routing area that consists of a bottleneck channel
and adjacent regions on both sides as shown in Fig. 2.
A wire which connects pins of a net goes through a
track in the bottleneck channel. A set of two-pin nets
N = {n1, n2, . . . , nk} is given as an input. Pins of each
net are placed on the boundary of left and right adja-
cent regions. The left sequence L = (l1, l2, . . . , lk) where
li ∈ N is defined as the sequence of nets whose pins
are aligned counterclockwise order on the boundary of
the left-adjacent region. Similarly, the right sequence
R = (r1, r2, . . . , rk) where ri ∈ N is defined as the se-
quence of nets whose pins are aligned clockwise order on
the boundary of the right-adjacent region. N l(n) and
Nr(n) are the sets of nets whose left and right pins are
before the left pin and the right pin of net n in the left and
right sequences, respectively. That is, they are defined as

N l(n) = {li | i < j, n = lj}, (1)

Nr(n) = {ri | i < j, n = rj}. (2)

In this paper, U-shaped three-layer bottleneck channel
routing problem (U3BCRP) shown in Fig. 3 which is the
most basic three-layer bottleneck channel routing prob-
lem is formulated. In U3BCRP, routing area Gk,T for k
two-pin nets and T tracks is modeled by the routing grid
(−k ≤ x ≤ k, 0 ≤ y ≤ T ) as shown in Fig. 4 where the
y-axis corresponds to the degenerated bottleneck chan-
nel, the region x < 0 corresponds to the left-adjacent
region, and the region x > 0 corresponds to the right-
adjacent region. Left pin of net li and right pin of net
rj are placed at grid point (−i, 0) and (j, 0), respectively.
Track t (1 ≤ t ≤ T ) is the grid line connecting (−k, t) and
(k, t).
Wires of at most three nets can go through a single

track. In the following, we assume that an input which
satisfies

k ≤ 3T (3)

is given. Also, we assume, without loss of generality, that
left sequence L is fixed as li = ni for any net ni ∈ N .

U3BCRP
Input:

• net set N = {n1, n2, . . . , nk} (k > 0)

• right sequence R = (r1, r2, . . . , rk)

• the number of tracks T ∈ N+

Output:
• track assignment of nets

AT : N → {1, 2, . . . , T}
• layer assignment of segments of nets

AL : N → {1, 2, 3} (left vertical)
AM : N → {1, 2, 3} (horizontal)
AR : N → {1, 2, 3} (right vertical)

Fig. 3. U-shaped three-layer bottleneck channel routing problem

Fig. 4. Routing area Gk,T , tracks, and pins

Fig. 5. A routing pattern for R = (n4, n9, n3, n7, n8, n1, n6, n5, n2)

Therefore, right sequence R is given as input. In addition,
we assume that layout constraints may be given, such as
wires of two specified nets must not be close to each other.
In U3BCRP, an output routing pattern has to satisfy

the following four conditions.

• Pin of all nets are connected by wire.

• Wires of different nets have no conflicts.

• The wire of each net consists of one horizontal and
two vertical segments.

• Each segment is assigned to either layer 1, 2, or 3.

The wire of a net consists of two vertical segments and
one horizontal segment which is assigned to a track.
Output of the problem is the track assignment AT and

the layer assignment of three segments AL, AM , and AR.
The routing pattern is uniquely determined under the four
conditions above if the track and layer assignment is de-
termined. If the wires of different nets share the same
coordinate, they must be assigned to the different layer
to avoid conflicts.
Once the track assignment AT (n) is determined, the

track used by the horizontal segment of net n and the
length of the vertical segments of net n are determined,
and the routing shape of net n is determined.
Fig. 5 shows an example of routing pattern. The black,

red, and blue line segments represent the wires on layer 1,
layer 2, and layer 3, respectively.
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For each net, via must be inserted to a wire when the
routing layer of the wire is changed. A via placed between
layer i and layer j is called i-j via. A conflict occurs when
a 1-3 via and a wire on layer 2 share the same coordinate.
Note that a 1-2 via can share the same coordinate with a
wire on layer 3 without conflict.

III. Track Assignment to avoid Conflict

Before introducing ILP formulations for U3BCRP, nec-
essary conditions in track assignment to avoid conflicts
when the routing layer of each segment of nets is speci-
fied are discussed.
Let Ni,i be the set of nets whose left vertical segment

and horizontal segment both use layer i. All horizontal
segments of nets belonging to Ni,i use the layer i, and all
nets belonging to Ni,i are assigned to different tracks if
the routing pattern has no conflicts. Let a and b be nets
belonging to Ni,i such that a ∈ N l(b). If net a is assigned
to a track below the track to which net b is assigned, the
left vertical segment of net a and the horizontal segment
of net b intersect on the same layer, and conflict occurs
as shown in Fig. 6(a). To avoid the conflict between net
a and net b, net a must be assigned to a track above the
track to which net b is assigned as shown in Fig. 6(b).
If a routing pattern contains no conflicts, all nets be-

longing to Ni,i ∩N l(n) are assigned to a track above the
track to which net n(∈ Ni,i) is assigned. In this situation,
the following equation holds.

∀n ∈ Ni,i, AT (n) > |Ni,i ∩N l(n)| (4)

If a track assignment satisfies the condition of Eq. (4),
the left vertical segment and the horizontal segment of
nets belonging to Ni,i have no conflicts.

IV. ILP Formulation which requires much
calculation time

In this section, a straightforward ILP formulation for
U3BCRP is introduced. This formulation is natural and
intuitive but impractical.
Fig. 7 gives a part of ILP formulation U3TLA-TLLL

for U3BCRP. Since the logical product (∧) can be con-
verted to an equivalent linear expression using auxiliary
variables, a formulation which contains logical product is
used here for clarity.
U3TLA-TLLL represents the routing of each net by us-

ing four variables defined in Eqs. (5), (6) which specify
the track assignment and the layer assignment of three
segments. xT

t,n specifies track assignment AT . The net

n is assigned to track t if xT
t,n = 1. xL

i,n, x
M
i,n, and xR

i,n

specify layer assignment AL, AM , and AR, respectively.
For example, the left vertical segment of net n is assigned
to layer i if xL

i,n = 1.
In U3BCRP, each net is assigned to one track and each

segment of a net uses one layer. They are forced by

(a) AT (a) > AT (b) (b) AT (a) < AT (b)

Fig. 6. Track assignment with and without conflict

U3TLA-TLLL
Decision variables

xT
t,n ∈ {0, 1} (∀(t, n) ∈ {1, 2, . . . , T} ×N) (5)

xL
i,n, x

M
i,n, x

R
i,n ∈ {0, 1} (∀(i, n) ∈ {1, 2, 3} ×N) (6)

Constraints
· Pattern ∑T

t=1 x
T
t,n = 1 (∀n ∈ N) (7)∑3

i=1 x
L
i,n =

∑3
i=1 x

M
i,n =

∑3
i=1 x

R
i,n = 1 (∀n ∈ N) (8)

· Conflict∑
n∈N xT

t,n ∧ xM
i,n ≤ 1 (∀t ∈ [T ], ∀i ∈ {1, 2, 3}) (9)∑T

t=1 t · x
T
t,n <

∑T
t=1 t · x

T
t,n′ + T (1−

∑3
i=1 x

L
i,n ∧ xM

i,n′)

(∀(n, n′) ∈ N2, n ∈ N l(n′)) (10)

xT
t,n ∧ xT

t,n′ ∧ xM
2,n ∧ xL

1,n′ ∧ xM
3,n′ = 0

xT
t,n ∧ xT

t,n′ ∧ xM
2,n ∧ xL

3,n′ ∧ xM
1,n′ = 0

(∀(t, n, n′) ∈ [T ]×N ×N,n′ ∈ N l(n)) (11)

Fig. 7. ILP formulation U3TLA-TLLL

Constraint on Pattern in U3TLA-TLLL (Eqs. (7), (8)).
The conflicts between the wires of different nets (Eqs.(9),
(10)), and the conflicts between the 1-3 via and the wire
on layer 2 (Eq. (11)) on left region are prohibited in the
Constraint on Conflict in U3TLA-TLLL. The conflict on
right region can be prohibited similarly, but the descrip-
tion is omitted here.

V. Proposed Method U3TLA-ILP3.0

In this section, the proposed algorithm for U3BCRP
with ILP formulation U3TLA-ILP3.0 shown in Fig. 8 is
introduced.

A. Routing pattern

U3TLA-ILP3.0 restricts the layer assignment of each
net to three patterns shown in Fig. 9. U3TLA-ILP3.0
uses a variable that specifies the pattern used by each
net, but does not use variables for track assignment.
The variables used in U3TLA-ILP3.0 are

pin :=

{
1 (net n uses Pi)
0 (otherwise)

(12)

where i ∈ {1, 2, 3} and n ∈ N . The net n uses Pi if p
i
n = 1.

The Constraint on Pattern

p1n + p2n + p3n = 1 (∀n ∈ N) (13)

restricts the pattern of each net to one of three patterns.
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B. Track Assignment

Proposed algorithm determines track assignment
according to the patterns of nets determined by
U3TLA-ILP3.0.
When all variables are determined to satisfy Eq. (13),

the track assignment of net n using P1 is defined as follows
(see also Fig. 10).

AT (n) :=
∑

m∈N l(n)

p1m + 1 (14)

Note that
∑

m∈N l(n) p
1
m is equal to the number of nets

which appear before n in the left-sequence L and that use
P1. Both the left vertical segments and the horizontal
segments of nets using P1 use layer 1, and there is no con-
flict among them since the track assignments defined by
Eq. (14) satisfy the condition of Eq. (4). The right verti-
cal segments and the horizontal segments of nets using P1

have no conflicts among them since the former use layer 2
and the latter use layer 1. Therefore, any nets using P1

have no conflicts among them.
For any nets using P2 (or P3), the track assignments of

nets are defined similarly so that they have no conflicts
among them. Therefore, any nets using the same pattern
have no conflicts.
The number of nets to be used for each pattern is less

than or equal to the number of tracks T . The Constraint
on Tracks ∑

n∈N

pin ≤ T (∀i ∈ {1, 2, 3}) (15)

restricts the number of nets to be used for each pattern.

C. Constraints in ILP to avoid conflicts

From the restriction of routing pattern and the track
assignment, any nets using the same pattern have no
conflicts. A conflict occurs only if a vertical segment
and a horizontal segment belong to different patterns.
U3TLA-ILP3.0 imposes constraints which prevent con-
flicts caused by such segments belonging to different pat-
terns.
For any pattern Pi, a conflict occurs when a vertical

segment of Pi intersects the horizontal segment of other
pattern Pj( ̸= Pi) which use the same layer. Among 12
pairs of vertical and horizontal segments belonging to dif-
ferent patterns, the following three are pairs of segments
which use the same layer.

• right vertical segment of P1, horizontal segment of P2

• left vertical segment of P2, horizontal segment of P1

• right vertical segment of P3, horizontal segment of P2

The intersection of segments in these three pairs are pro-
hibited by the Constraint on Conflict shown below. The
variable M used in these constraints is a big-constant de-
fined as M := T + 1.

Algorithm for U3BCRP
Input: N
Output: AT (N), AL(N), AM (N), AR(N)
***** 1. Pattern selection using ILP *****
P (p): ILP-formulation

Variables: Eq. (12)
Constraints

· Pattern: Eq. (13)
· Tracks: Eq. (15)
· Conflicts: Eq. (16, 17, 18)
· Layout: Eq. (21)

solve(P (p))
for(n ∈ N)

p(n) :=


1 if p1n = 1
2 if p2n = 1
3 if p3n = 1

endfor
***** 2. Track and layer assignment *****
for(n ∈ N)

switch(p(n))
case(1):

AT (n) := |{m | m ∈ N l(n), p(m) = 1}|+ 1
(AL(n), AM (n), AR(n)) := (1, 1, 2)

case(2):
AT (n) := |{m | m ∈ Nr(n), p(m) = 2}|+ 1
(AL(n), AM (n), AR(n)) := (1, 2, 2)

case(3):

AT (n) := |{m | m ∈ N l(n), p(m) = 3}|+ 1
(AL(n), AM (n), AR(n)) := (3, 3, 2)

endswitch
endfor

Fig. 8. Proposed Algorithm for U3BCRP

P1 (1, 1, 2) P2 (1, 2, 2) P3 (3, 3, 2)

Fig. 9. Three patterns used by U3TLA-ILP3.0

Fig. 10. Track assignment of P1

∑
m∈N l(n)

p1m <
∑

m∈Nr(n)

p2m +M(1− p1n) (∀n ∈ N) (16)

∑
m∈Nr(n)

p2m <
∑

m∈N l(n)

p1m +M(1− p2n) (∀n ∈ N) (17)

∑
m∈N l(n)

p3m <
∑

m∈Nr(n)

p2m +M(1− p3n) (∀n ∈ N) (18)

In the following, we show that a conflict caused by seg-
ments belonging to different patterns are prohibited either
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by Eqs. (16), (17), or (18). The value of each term in each
formula is nonnegative, and the value of the left side is at
most T in each formula. Therefore, note that an inequal-
ity is satisfied when pin(i = 1, 2, 3) is 0 since the value of
the right side is at least M(= T + 1). Also, Eqs. (16),
(17), and (18) may not be satisfied when p1n, p

2
n, and p3n

are 1, respectively.
Here, we show that the left vertical segment of nets

using P2 and the horizontal segments of nets using P1 do
not intersect if Eq. (17) is satisfied. Let’s consider a case
that net n uses pattern P2, that is, p2n = 1. We show
that the left vertical segment of net n and the horizontal
segments of nets using P1 do not intersect if Eq. (17) is
satisfied.
Let t be the value on the left side of Eq. (17).∑

m∈Nr(n)

p2m = t (19)

From Eq. (14), t+1 is equal to the track number of net n.
The left vertical segment of net n on layer 1 spans from
track 1 to track t+ 1 as shown in Figs. 11 and 12. Let c
be the value of the first term on the right side of Eq. (17).∑

m∈N l(n)

p1m = c (20)

Note that c represents the number of nets using P1 which
appear before net n in the left-sequence L. The horizontal
segments of these nets terminate to the right of the left
vertical segment of net n as shown in Figs. 11 and 12.
Note that t < c holds if Eq. (17) is satisfied. If t < c,

the horizontal segments of all nets using P1 which are
assigned to track 1 to track t+1 terminate to the right of
the left vertical segment of net n as shown in Fig. 11. The
left vertical segment of net n and the horizontal segments
of nets using P1 do not intersect, and no conflict occurs.
If t ≥ c, conflict may occur as shown in Fig. 12. Suppose

there exists a net n′ which appear first in left-sequence L
among nets using P1 and whose left pin is to the left of
that of net n. The net n′ is assigned to track c+1(≤ t+1),
and the horizontal segment of net n′ on layer 1 terminates
to the left of the left vertical segment of net n. The left
vertical segment of net n and the horizontal segments of
net n′ intersect, and conflict occurs.
In summary, Eq. (17) restricts to t < c, and prohibit

the intersection of the left vertical segment of nets using
P2 and the horizontal segments of nets using P1.
It can be shown similarly that the conflict between P1

and P2 and the conflict between P3 and P2 do not occur
if Eqs. (16) and (18) are satisfied, respectively, but the
description is omitted here.

D. Constraints in ILP to satisfy layout constraints

Among various types of layout constraints, ILP formu-
lation that prevents crosstalk noise is discussed here as an
example.

Fig. 11. No conflict at left vertical segment of P2 (t < c)

Fig. 12. Conflict at left vertical segment of P2 (t ≥ c)

Assume that a pair of a noise source aggressor and its
victim are given, and that the wire of the aggressor and
a victim neither share the same coordinate nor adjacent
is requested even if they are assigned in different layer is
given as constraint.
Let na be the aggressor, and let nv be the victim. If the

input satisfies both na ∈ N l(nv) and nv ∈ Nr(na), the
wires of na and nv must intersect and no feasible solution
exists. So we focus on the other situations. Suppose,
without loss of generality, that an input which satisfies
na ∈ N l(nv) ∩ Nr(nv) is given. In order to satisfy the
layout constraints, net na must be assigned to two or more
tracks above the track to which nv is assigned, regardless
of patterns of them used.
The Constraints on Layout∑
m∈Ni(na)

pim ≤
∑

m∈Nj(nv)

pjm+(M+1)(2−pina
−pjnv

)−2

(
Ni(n) :=

{
N l(n) (i = 1, 3)
Nr(n) (i = 2)

)
(21)

where (i, j) ∈ {1, 2, 3}2 prohibit the intersection of the
wires of na and nv and secure the gap between the wires
of them two tracks or more. The first term on the left
and right sides represent the (track number)−1 of na and
nv, respectively. Note that Eq. (21) for (i, j) is satisfied
if either pina

= 0 or pjnv
= 0 because of the second term

on the right side.
In case that pina

= 1 and pjnv
= 1, the second term on

the right side of Eq. (21) is zero, and Eq. (21) forces that

(track number of na) ≤ (track number of nv)− 2.

By the Eq. (21), net na is assigned to two or more tracks
above the track to which nv is assigned.
The Constraint on Layout given here is for a single pair

of aggressor and victim, but the number of pairs is often
more than one in practice. If more than one pairs are
given, the layout constraints can be realized by adding
constraint given here for each pair. Even if any other
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layout constraint is given, a routing pattern which satisfies
the constraint can be obtained if the constraint can be
expressed in a linear equation.

E. Proposed Algorithm

Propose algorithm shown in Fig. 8 first formulates
U3BCRP as U3TLA-ILP3.0．Proposed algorithm then
solves the ILP using a solver to determine the pattern
of each net.
Once the pattern of each net is determined, the track

and layer assignment is determined uniquely. The track
number of net n is set equal to the number of nets which
appear before n in left or right sequence and which use
the same pattern with n.

VI. Experimental Results

U3TLA-ILP3.0 is implemented in Python 3.10.11, and
executed on a PC with 3.60GHz Intel Core-i5 CPU, 32GB
RAM. The solver used is IBM CPLEX 22.1.1.0.
The problem instances are randomly generated by se-

lecting the right pin sequence among a permutation of
nets. The number of nets k is set to be three times the
number of tracks T . The symbol ‘*’ is added when a
layout constraint to prevent crosstalk in which a pair of
one aggressor and 5 victims is defined is imposed to the
problem instances. A routing pattern obtained by using
U3TLA-ILP3.0 is shown in Fig. 13.
Table I shows the computation times of U3TLA-TLLL

and U3TLA-ILP3.0 for various net sizes when a feasible
solution is obtained. In table, “time” represents the com-
putation time taken to solve the formulated ILP for one
problem instance.
Table II shows the average computation times of

U3TLA-ILP3.0 and the ratio that feasible solution is ob-
tained among 100 problem instances for each net size. The
ratio is reasonable since U3TLA-ILP3.0 cannot obtain a
feasible solution if the first net in the right pin sequence
is n1. Even in such cases, pre-processing, such as con-
necting net n1 using only layer 1, increase the ratio, for
example. A slightly smaller ratio is observed if a crosstalk
constraint is imposed.

VII. Conclusion

In this paper, U3TLA-ILP3.0 which can consider lay-
out constraints for three-layer bottleneck channel routing
was proposed. For U3BCRP, U3TLA-ILP3.0 obtains a
routing pattern which satisfies the layout constraints in
a short time by using ILP and by restricting the layout
patterns. A layout pattern obtained will be utilized as an
initial solution to explore a detailed routing in bottleneck
region with layout constraints efficiently.
Our future works include the extension of

U3TLA-ILP3.0 to adopt more routing patterns and

TABLE I
Computation time

#nets time [ms]
TLLL 3.0

12 596 8
18 141452 12
24 628764 13
30 >1h 13
60 >1h 21
150 >1h 89
*18 80327 11
*24 >1h 67

TABLE II
Computation time and

Feasible ratio by
U3TLA-ILP3.0

#nets time ratio
[ms] [%]

30 12 97
60 20 98
150 78 100
300 279 100
600 1153 100
*60 43 94
*300 1087 98

Fig. 13. A routing pattern obtained by using U3TLA-ILP3.0.
#net= 60, (Agg, Vic)= ({37}, {15, 24, 41, 49, 58})

adapt it to the more general situations. For example,
a pattern in which all three segments use the same
layer can improve feasibility and reduce the number of
vias. The formulation of U3TLA-ILP3.0 can be easily
extended when more routing layers are available. It is
challenging to be able to handle problems where pins are
placed not only on upper boundaries.
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